Bioconvection is a fascinating phenomenon of fluid mechanics that is driven by the swimming motion of micro-organisms. Typically the velocity and spatial scale of the fluid motions are much larger than those associated with the swimming speed and size of an individual cell, resulting in rapid transport of cells and the formation of complex spatial patterns in cell concentration. Motile microalgae are ubiquitous in aquatic systems, and understanding how they are spatially distributed at a wide range of length and time scales is an important ecological task. In the natural environment, bioconvection is a little studied but potentially important mechanism influencing the vertical distribution, and therefore the growth and productivity, of motile microalgae at centimeter to meter scales. However, in order to make predictions about when and where bioconvection might occur, we need to understand how other physical factors, such as salinity stratification, will affect swimming behavior, fluid flow, and the resultant spatial distribution of cells. In this paper, we present laboratory experiments that demonstrate the importance of swimming in generating large scale, persistent spatial structure in stratified water. In the first experiment, cells in a weakly stratified fluid environment first aggregate at the surface, and then form a bioconvective plume that descends to the bottom of the tank over a distance of 20 cm, equivalent to 10 4 cell body lengths. In the second experiment, addition of a low-salinity surface layer enables cells, initially well mixed due to bioconvection, to form a dense surface aggregation. Motivated by these experiments, we present a linear stability analysis for the onset of bioconvection in a stable linear salinity gradient. The concentration of cells is modeled by a continuous distribution and swimming is modeled as a constant upwards component combined with a diffusive component. We consider a deep chamber, where at equilibrium cells are concentrated in a thin boundary region. The ratio of chamber depth to boundary region depth is d ӷ 1. Using matched asymptotic analysis, we obtain the critical value of the cell Rayleigh number, R crit , for which the forcing due to a perturbation in cell concentration in the upper region drives flow. The effect of the salinity stratification depends on the salt Rayleigh number, R s . If R s 1/6 = o͑d͒, the salinity gradient suppresses the vertical extent of the perturbation to the flow and salinity to a region of nondimensional depth O͑R s −1/6 ͒. The critical cell Rayleigh number is unaffected by the salinity gradient and is given at leading order by R crit =2d 3 ␦, where ␦ is the ratio of horizontal to vertical cell self-diffusion. If R s 1/6 = O͑d͒, the salinity gradient confines perturbations in the flow and salinity to the thin boundary region, and R crit is specified as an algebraic function of R s . The experiments are then discussed in light of the derived theory.
I. INTRODUCTION
Bioconvection is a phenomenon which occurs when micro-organisms that are denser than the fluid environment swim on average upwards, generating a density instability that causes fluid motion. This fluid motion interacts with the swimming behavior of the cells to generate visually striking spatial heterogeneity in cell concentration. 1 For example, in shallow chambers, up-swimming cells are concentrated at surface fluid convergence zones, Fig. 1 . This aggregation at downwelling sites by cells that move upwards has similarities to the aggregation of buoyant material ͑which passively moves upwards͒ at downwelling sites in Langmuir circulation. However, whereas Langmuir circulation causes buoyant material to passively aggregate, in bioconvection it is the active swimming of the micro-organisms that both drives the flow and causes cells to move upwards. In deeper chambers, plumes of cells can form, as shown in Fig. 2͑b͒ and numerical simulations. 2, 3 In addition, bottom-heavy cells are focused into down-welling regions, which reinforces plume formation. 4 This process of gyrotaxis occurs when the directed component of swimming is determined by a balance between viscous torque and gravitational torque. Gyrotaxis also results in the formation of bottom-standing plumes, as discussed by previous authors 1 and demonstrated in Fig. 2͑c͒ and numerical simulations. 5 It is interesting to note that bioconvection can counteract simple predictions of spatial distribution based on swimming behavior. For example, one might suppose that up-swimming algal cells will aggregate at a well-lit surface and thus benefit from enhanced photosynthetic activity. However, bioconvection can prevent aggrega-tion of up-swimming organisms at the surface, altering ecological predictions. Many single-celled algae have the potential to undergo bioconvection; algal cells are typically denser than their fluid environment and often swim upwards, for example because they are bottom heavy or because they are phototactic. In the laboratory, descending plumes or streams of cells are often seen in culture flasks, an example of bioconvection. This gravity-driven sinking velocity can reach the order of millimeters per second, greatly exceeding typical cell swimming speeds, 6 and thus in quiet natural environments bioconvection may be an important mechanism influencing the distribution of algae. In Fig. 3 we show bioconvection occurring in a tide pool, an example of such an environment. However other physical factors such as turbulence and stratification will affect swimming behavior and the resultant spatial distribution of cells. Specific motivation for this study arose from the observation that the formation of harmful algal blooms of Heterosigma akashiwo could be triggered by the appearance of a fresher surface layer following fresh water run-off. Whilst undertaking a study to examine the role of swimming in the formation of surface aggregations in fresher layers, 7 we realized how bioconvection can lead to unexpected spatial distributions. Therefore we investigate here how bioconvection and salinity stratification interact.
We first motivate our analysis with two experiments. In the first experiment, cells in a weakly stably stratified fluid environment first aggregated at the surface, and subsequently formed a bioconvective plume that descended throughout the observation column. This experiment shows that bioconvection may occur even in the presence of salinity stratification, and can generate surprisingly large scale heterogeneous structures. In the second experiment, at much higher cell concentrations, bioconvection inhibited the formation of a surface aggregation in the absence of stratification, but the addition of a low-salinity surface layer suppressed bioconvection and enabled cells to form a dense surface aggregation. This experiment suggests how salinity stratification may allow up-swimming cells to aggregate in an environment where there is fluid mixing ͑either bioconvection, or some other mixing found in the natural environment͒.
To begin to theoretically explore the impact of salinity stratification on bioconvection, the onset of bioconvection in a linear stratification is computed here using classical linear stability theory for convection. 8 In this analysis, the concentration of cells is modeled by a continuous distribution and swimming is explicitly modeled as a directed upwards component combined with a random diffusive component. This system is analogous to Rayleigh-Bénard convection; if the buoyancy force is sufficient to overcome the stabilizing forces of viscosity and cell diffusivity, the system is unstable and bioconvection is predicted to occur. This work closely follows that of previous authors, 9,10 but the novel element of the present analysis is to incorporate variability in buoyancy due to nonuniform salinity in the momentum equation for the fluid. The situation of bioconvection occurring in an environment with an upper stable salinity gradient is an example of penetrative convection, which has previously been studied in the context of phototactic algae. 11, 12 In this paper, a first attempt at investigating how bioconvection is impacted by salinity stratification, the directed component of swimming is included only as a mean upward velocity term. In particular any direct interaction between swimming and the fluid flow, such as gyrotaxis, 10 is neglected. Comparison is then made between experiments and theory.
II. EXPERIMENTAL OBSERVATIONS
In our experiments, we studied the algal species Heterosigma akashiwo strain CCMP 452, a fish-killing organism found in temperate coastal regions worldwide. Further details of culturing and experiments quantifying the swimming behavior of individuals are given elsewhere. 7, 13 A. Bioconvective plume within a stratified column Exponentially growing cells ͑cell concentration 6 ϫ 10 4 cells/ cm 3 ͒ were visualized in a 30 cm tall by 6 cm internal diameter chamber. The chamber was covered by a cap to prevent evaporation and the temperature was held constant via a water jacket connected to a circulating water bath, to minimize extrinsic perturbations to the salinity and temperature distributions. The chamber was filled with artificial seawater diluted with fresh water to generate a weak salinity gradient, with salinity varying linearly from 30 ppt at the base to 27 ppt at the surface. The gradient was established by filling the chamber with increasingly dense water pumped into the base of the chamber. Slight deviations from the linear gradient were introduced near the surface, and discussed in Sec. IV. Approximately 10 cm 3 of cells were added at a uniform rate with the seawater resulting in an initial mean concentration of approximately 700 cells/ cm 3 . Video footage was taken every hour at 2 cm vertical intervals. Cells initially formed an aggregation at the surface which then became unstable. Several hours after the onset of the experiment, a descending plume was visible in all of the vertical horizons, Fig. 4 . This plume remained clearly visible throughout the chamber for an additional 8 h. Similar plumes were observed when the experiment was repeated twice.
B. Toxic slicks in a test tube
35 cm 3 of stationary phase ͑cell concentration 10 6 cells/ cm 3 ͒ algal cells were added to two test tubes. The salinity of the artificial seawater used to culture the cells was approximately 30 ppt. In the absence of stratification, bioconvection generated vertical mixing which suppressed the aggregation of up-swimming cells at the surface. The mean density of the seawater ͑1.03 g / cm 3 ͒ was estimated to be altered by less than 10 −4 g/cm 3 due to the presence of the cells ͑see Table I upper layer. The initial mean density of the surface layer ͑1.015 g / cm 3 ͒ was estimated to increase by 5 ϫ 10 −4 g/cm 3 , under the assumption that all cells aggregated in the layer ͑see Table I for estimates of cell volume and density͒. This aggregation mechanism has been observed by others who suggested it was due to negative salt-taxis. 14 In our experiments, we have not ruled out the possibility that the cells undergo negative salt-taxis. However, we have previously demonstrated that Heterosigma akashiwo does not require a salinity gradient in order to swim upwards on average. 7 Furthermore, we demonstrated that H. akashiwo is surprisingly tolerant of changes in salinity, being able to swim across salinity jumps comparable to those created in this experiment with no loss in swimming speed. A related method for concentrating cells, using a layer of cotton wool near the surface instead of the salinity stratification to suppress vertical mixing, has been suggested previously.
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III. MATHEMATICAL MODEL
A. Governing equations
We use a continuum approximation for the cells, taking n * as the cell concentration, and neglect all effects of the cells on the fluid except their negative buoyancy. 16 We suppose the bulk fluid velocity, u * , satisfies continuity and the Navier-Stokes equation under the Boussinesq approximation, with variation in fluid density due to salinity stratification and variation in cell concentration:
Here 0 is the density of the water at the surface in the absence of cells, p e * is the excess pressure above the hydrostatic pressure, g is the acceleration due to gravity. The salinity is given by S * , with S 0 being the salinity at the surface.
␤ is the coefficient of expansion of salinity, so that the density of the water is given by 0 ␤S * . Each cell has volume v and density 0 + ⌬.
The cell concentration satisfies a conservation equation, as cell division occurs on much longer time scales ͑Ϸ1 divi- 
Although the mean swimming velocity V * , and self-diffusion tensor D * will depend on the flow field, 18 for simplicity we neglect the effect of fluid flow on the swimming behavior in this analysis. Based on our experimental observations, we thus suppose that the cells swim upwards on average, V = V c ẑ, and that the diffusion tensor is diagonal, with components D in the vertical, and ␦D in the horizontal.
We specify no-flux conditions for the cells and fluid at the top and bottom boundaries:
We take the base of the chamber ͑z * =−H͒ to be rigid, and specify a no-slip ͑zero tangential velocity͒ boundary condition. We also specify no-slip at the top surface ͑z * =0͒. This upper no-slip boundary condition might artificially suppress lateral movement, thus suppressing bioconvection, as demonstrated by the reduction in Rayleigh number when boundary condition are changed from rigid to free in classical Rayleigh-Bénard convection. 8 However, we choose this boundary condition so we can compare our results with previous work. 10 Justification given for the no-slip boundary condition at the top surface is that even if the upper boundary is open to the air, algal cells tend to collect at the surface forming a packed layer, and that floating a cover slip on the surface of such a suspension, forming a partial rigid boundary, does not change the patterns. 10 The salt is advected by the flow, and has diffusivity :
We will develop our theory based on the experiments in a weak linear gradient in salinity ͑Sec. II A͒. In order to investigate the effect of stratification via a perturbation analysis about an equilibrium solution we choose fixed salinity boundary conditions:
resulting in the steady equilibrium solution:
The boundary conditions are a simplification of the no-flux boundary conditions actually found in the experiment. However, the equilibrium solution with no-flux boundary conditions is constant salinity throughout the water column, and thus with no-flux boundary conditions we would be unable to explore the effect of stratification via a perturbation analysis. This simplification of the boundary conditions is discussed further in Sec. IV.
The system of equations for the velocity field and cell concentration has the steady equilibrium solution:
where N 0 is the surface concentration of cells. The cells are concentrated near the surface in a sublayer of thickness D / V c , representing a balance between mean up-swimming and self-diffusion. We define d as the ratio of chamber height to sublayer thickness:
We nondimensionalize lengths on the chamber height, H, time on the diffusive time scale, H 2 / D, the bulk fluid velocity on D / H, salinity on S 0 , and cell concentration on N 0 . Pressure is nondimensionalized so that it balances viscous forces:
Scaling length on H and velocity on D / H is an obvious choice for macroscopic bioconvection patterns which extend over the whole depth of the chamber, as is the case in the unstratified case, and has been used previously. 10 However, it is also possible to scale length on the cell concentration equilibrium length scale, D / V c , and velocity on V c . 9 We found our results to be most clearly expressed using the former scaling, with necessary rescaling when solving the upper region of the matched asymptotic problem.
To investigate the linear stability of the system, we consider the following small perturbation of the equilibrium state:
The pressure P equil is the equilibrium pressure distribution. The linearized momentum equation is given by
where R and R s are defined:
We adopt cylindrical polar coordinates ͑r , , z͒ and for simplicity we restrict attention to axisymmetric flow: uЈ = ͑uЈ͑r,z͒,0,wЈ͑r,z͒͒. ͑15͒
Taking the curl of the linearized momentum Eq. ͑13͒ twice, and using continuity, Eq. ͑1͒, we obtain coupled equations for wЈ, nЈ, and SЈ:
͑18͒
We analyze the disturbance by considering the stability of normal modes appropriate for axisymmetric flow, 19 that is we consider the perturbation:
where J 0 is the order zero Bessel function of the first kind, 20 which satisfies
This yields a system of coupled ODEs for W, N, and S:
The boundary conditions are given by NЈ − dN = W = WЈ = S = 0 at z = 0,− 1.
͑24͒
We note that this system of equations is not only appropriate for axisymmetric flow, but is also valid for more general flows with wЈ = W͑z͒f͑x , y͒e t and ‫ץ‬ 2 f / ‫ץ‬x 2 + ‫ץ‬ 2 f / ‫ץ‬y 2 =−k 2 f, e.g., Ref. 10 .
In this paper, we restrict attention to the transition to direct instability modes, i.e., investigate solutions for which = 0. Because of the exponential distribution of cells at steady state, this problem is more complicated than standard thermal convection analysis, where at steady state the thermal gradient is linear. We thus restrict attention to a deep column where at equilibrium cells are concentrated in an upper boundary region of thickness 1 / d Ӷ 1. We can then use matched asymptotic analysis to obtain the critical value of R for which the forcing due to the perturbation in cell concentration in the upper region drives flow. Outside the upper region, the cell concentration is exponentially small, and the governing equations represent the perturbed flow field and salinity distribution. With reference to standard matched asymptotic theory, 21 the "upper" region corresponds to the "inner" region, and the "lower" region corresponds to the "outer" region.
In the following sections we consider salinity stratification of increasing strength. We first consider R s = O͑1͒, where the perturbation to flow and salinity extends throughout the chamber. As the stratification is increased, the vertical extent of the perturbation in the lower region is suppressed, such that the perturbation to flow and salinity only occurs in a middle region which scales as R s −1/6 . Finally we consider the situation where R s 1/6 = O͑d͒, finding all perturbations to be confined to the thin boundary region of thickness 1 / d. B. Bioconvection in a weakly stratified column, R s = O"1…
Lower solution
From Eqs. ͑22͒ and ͑24͒, because 1 / d Ӷ 1, outside the boundary layer the cell concentration is exponentially small, i.e., N Ϸ 0. In this lower region, we obtain a coupled set of ODEs for W and S. The first equation is the momentum equation for the perturbation, based on Eq. ͑21͒; the second equation represents a balance between advection of the equilibrium linear salinity distribution and diffusion of the salinity perturbation, based on Eq. ͑23͒:
͑26͒
This system has the general solution
where ± 1 , ± 2 , ± 3 are solutions of the polynomial:
The boundary conditions, Eq. ͑24͒, for the flow field and salt concentration at the base of the chamber provide three equations relating the six constants A i , B i , i =1,2,3:
In standard convection analysis, three further homogeneous boundary conditions would be specified ͑at z =0͒ which would result in an eigenvalue problem for R s . However, as demonstrated in the following subsection, the forcing by the cells in the upper region results in a nonhomogeneous boundary condition at z = 0, and the existence of a unique nontrivial solution for any choice of R s .
Upper solution
In the upper region, we rescale lengths on d, which is equivalent to rescaling the original dimensional lengths on the boundary layer thickness D / V c :
In this upper region the governing equations and surface boundary conditions for W , N, and S, Eqs. ͑21͒-͑24͒, are given by
Without loss of generality, we take N = O͑1͒, and expand
In order to obtain a nontrivial solution, we are required to take the scaling 
With this expansion, the momentum and cell concentration Eqs. ͑34͒-͑36͒ are given at leading order by
In the upper region, the salinity gradient does not affect the perturbation to the cell concentration or the flow. The upper problem is thus identical to that considered by previous authors looking at the unstratified system. 10 From Eq. ͑36͒, the leading order equation for the salinity perturbation ͑D 1 2 S =0͒ is uncoupled from W and N. Because of the homogeneous nature of problem, without loss of generality, we choose to take N =1 on z 1 = 0, and thus obtain the solution:
R 3 can be determined as a function of ␣ −1 , ␤ −1 . Integrating Eq. ͑35͒ at O͑d −2 ͒ from z 1 =−ϱ to 0, and applying boundary conditions, Eq. ͑37͒, yields − ␦k
Matching lower and upper solutions
The limit as z 1 → −ϱ of the upper region solution, Eqs. ͑44͒ and ͑45͒, will provide the surface boundary condition ͑limit of z → 0͒ of the solution to the lower region, Eqs. ͑27͒ and ͑28͒. On applying standard methods of matched asymptotics we find that in the upper solution, ␣ −1 = ␤ −1 = 0 to obtain a consistent solution. From Eq. ͑46͒ we thus obtain the result that R 3 =2␦, and hence we obtain from Eq. ͑44͒ the leading order upper solution for the vertical component of velocity:
From Eqs. ͑27͒ and ͑28͒, we can thus obtain the O͑1͒ upper boundary conditions of the lower solution:
From Eq. ͑49͒, we see that the cells force a nonhomogeneous boundary condition for W in the lower region. We thus have six linear equations ͑30͒-͑32͒ and ͑48͒-͑50͒, which are not all homogeneous, to solve for to obtain the leading order expression for the unknown constants A i , B i . We used MATLAB to numerically solve this system of equations for specific values of the parameters k, R s , and ␦. Note that this leading order lower solution is independent of d. Matching at the next order, O͑1/d͒, alters the right-hand side of Eq. ͑48͒ to 2␦k 2 / d. The leading order solution in the lower region is plotted in Fig. 6 . The flow field is represented by the stream function, , defined as
which can thus be expressed as
where J 1 is the order one Bessel function of the first kind. 4 . The effect of stratification on the lower flow field is depicted graphically in Fig. 8 . We see that increasing the strength of stratification, as measured by R s , suppresses the vertical extent of the perturbation in the lower region.
Limiting behavior for large R s
For R s ӷ 1, we can approximate the lower solution as
where
R s 1/6 ͑1,e −2i/3 ,e 2i/3 ͒. ͑56͒
From this solution, we see that the vertical extent of the perturbation in the lower region is O͑R s −1/6 ͒. An example solution is plotted in Fig. 8 , which demonstrates agreement between Eqs. ͑27͒ and ͑53͒ for large R s . This solution is only valid in the regime 1 Ӷ R s 1/6 Ӷ d; the situation of R s 1/6 = O͑d͒ is considered in Sec. III C.
Comparison with previous authors
To compare our results with work by previous authors on the unstratified problem, we consider taking the limit R s → 0, and let ␦ = 1. From Eq. ͑29͒ we make the approximation i = k + ⑀ i , where
͑1,e 2i/3 ,e −2i/3 ͒. ͑57͒
Using boundary conditions, Eqs. ͑30͒, ͑31͒, ͑48͒, and ͑49͒, we can approximate W, given by Eq. ͑27͒, as
where the coefficients are defined thus
This velocity function is in agreement with previous authors, 10 subject to correction of a typographic error 
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Bioconvection in a stratified environment Phys. Fluids 18, 127102 ͑2006͒ ͓N. A. Hill ͑personal communication͔͒. Our solution is plotted in Fig. 8 , which demonstrates agreement between Eqs. ͑27͒ and ͑58͒.
C. Bioconvection in a strongly stratified column, R s = O"d 6 … When the salinity gradient is sufficiently strong, outside the upper region W and S are exponentially small. In the upper region, W, S, and N are all coupled. Guided by the previous sections, we will continue to assume that R = O͑d 3 ͒, and thus make the following expansions in the upper region:
In this section, we define R s = d 6 R, where R = O͑1͒. The governing Eqs. ͑34͒-͑37͒ are given at leading order:
͑65͒
This system has the solution
and the coefficients A i are determined by the boundary conditions at z 1 = 0. For convenience we define a new set of constants ␣ i :
so that the boundary conditions at z 1 = 0 are given as
As in Eq. ͑46͒, R 3 can be determined by integrating Eq. ͑35͒ at O͑d −2 ͒ from z 1 =−ϱ to 0, applying boundary conditions, Eq. ͑37͒, and using the expressions for W −1 and N 0 given by Eqs. ͑66͒ and ͑67͒:
ͪ .
͑72͒
On solving Eq. ͑71͒ for the coefficients ␣ i , this expression is simplified to
We see that R 3 is a monotonically increasing function of 1 = k 1/3 R 1/6 . Thus R 3 is minimized at k = 0 and given by R 3 =2␦, and thus the critical Rayleigh number appears to be independent of the salinity stratification. However the chamber in which bioconvection is observed is a finite size and so, for a given nonzero value of k, R 3 is a monotonically increasing function of the salinity stratification as measured by R 1/6 . An example solution for finite k is plotted in Fig. 9 . We see that increasing the strength of stratification suppresses the vertical extent of the perturbation in the upper boundary region.
We note that in the limit of weak stratification, R 1/6 Ӷ 1, the solution Eq. ͑67͒ reduces to the upper solution given in the previous section, Eq. ͑47͒. Also note that Eqs. ͑67͒-͑70͒ have zeros in the denominators for k 2 R = 1. For that case, R 3 =36␦ and we can rewrite the solution in the alternative form: with coefficients A i that satisfy
IV. COMPARISON OF THEORY AND EXPERIMENTAL RESULTS
We now compare our theoretical predictions with observations of cell swimming behavior and bioconvection in a stratified column. In Table I , we estimate the parameters for the experiment with bioconvection in the chamber with a weak linear salinity gradient described in Sec. II A. Based on the physical parameters of the system, we can estimate the salinity Rayleigh number as R s =5ϫ 10 11 . We have two methods available to estimate d, the ratio of chamber height, h, to sublayer thickness, D / V c . In the Appendix, we outline our method for estimating the mean upward swimming and diffusion coefficient of cells from direct observations of cell swimming. We estimate a mean up-swimming speed of V c =40 m / s and vertical self-diffusion coefficient of D =10 6 m 2 / s, and thus we estimate d = 12. Alternatively, from observations of surface aggregations that form prior to the bioconvective plume we can estimate the thickness of the equilibrium sublayer as approximately 0.1 cm, thus yielding d = 300. For the first estimate based on cell swimming observations, R s ӷ d 6 , and thus we expect the stratification to suppress bioconvection outside the thin surface layer ͑Sec. III C͒. For the estimate based on observed thickness of the sublayer, R s = o͑d 6 ͒, and so the theory predicts that the perturbation to flow and salinity only occurs in a middle region of dimensional depth HR s −1/6 = 0.3 cm ͑Sec. III B͒. In either case, the theory does not agree well with our observations of a plume descending many centimeters.
In general, linear stability analysis predicts the critical Rayleigh number at which there is a transition from stability to instability. Here we use this theory to predict the impact of a salinity gradient on the vertical extent of bioconvection when the cell Rayleigh number, R, is close to the critical Rayleigh number, R crit =2d 3 ␦. With the estimates for D and V c based on cell swimming, we estimate a cell Rayleigh number of 2 ϫ 10 5 , which is very much larger than the estimate of 3 ϫ 10 2 for the critical cell Rayleigh number. The experimental observation of bioconvection penetrating a much larger vertical extent that predicted by the linear stability analysis is therefore perhaps unsurprising. In order to understand the first experiment, a full numerical computation at Rayleigh numbers much larger than R crit appears necessary. Such a computation could be validated by the linear theory presented in this paper. In order to test the theory further with experiment, the experiments should be repeated with a reduction in the value of R so it is closer to R crit . This could be achieved by decreasing the cell concentration, although this may pose some experimental difficulty, as the cells were already at rather low concentrations in the experiment described ͑700 cells/ cm 3 ͒. Alternatively, R could be decreased by an increase in the viscosity of the water. For this option, additional experiments would be required to quantify the swimming behavior in the increased viscosity water.
In the theory, we assumed the salinity was held constant at the boundaries, so as to obtain an equilibrium linear distribution suitable for the stability analysis. However, in the experiment, the salinity satisfied a no-flux boundary condition, and thus salt diffusion could cause homogenization of salinity near the boundaries. For example, with diffusivity of salt given by = 1.5ϫ 10 −5 cm 2 s −1 ͑Table I͒, taking the scaling L Ϸ ͱ T, we find homogenization of salinity over a 3 mm length scale within 2 h. It is possible that bioconvection may have been initiated in such a thin layer and then intruded into the stratified column. Furthermore, we would like to draw attention to the reader of a weakness in the design of the experiment described in Sec. II A which generated such an unstratified surface layer. Prior to running the experiment, the tank was rinsed several times to flush out contaminating particles. The final rinse was at the same salinity as that of the surface in the experiment. However, some of this salt water remained in the chamber and the tubing used to fill the chamber. On filling the tank for the experiment, this residual water formed a layer of unstratified fluid a few mm thick above the stratified fluid. Finally, we note that the asymptotic theory is valid for deep chambers, d ӷ 1, and assumes that the ratio of horizontal to vertical cell self-diffusivity, ␦, is O͑1͒. However the experimental estimates based on cell swimming behavior yield the inconsistency that ␦ = 0.1 which is comparable to the estimate from swimming data of 1 / d Ϸ 0.08. Furthermore, in the thin surface boundary layers, the diffusion approximation for swimming may not be completely justified, as the macroscopic length scales may not be sufficiently large compared to the correlation lengths associated with the random walk undergone by the algae. Previous work com- , as given by Eqs. ͑67͒ and ͑74͒. As R s increases, the vertical extent of the perturbation in the upper region is reduced. As R s decreases, the stream function agrees with the R s = O͑1͒ approximation, Eq. ͑47͒, marked by crosses. Parameter values are
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paring an individual-based simulation with a diffusion approximation have shown such discrepancies in boundary layers.
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V. DISCUSSION
Physics can interact with the swimming behavior of single-celled organisms to generate complex spatial and temporal patterns in cell concentration. Such heterogeneity in the marine environment has many ecological implications. For example, the negative impact that a harmful algal bloom has on the local ecosystem will depend on how the algae are distributed; a few intense exposures to toxins may have different consequences than prolonged low-level exposures. Predicting how the swimming of micro-organisms interacts with fluid dynamics in the natural environment will therefore improve our understanding of ecological systems.
Here we have studied bioconvection, a phenomenon in which swimming interacts with fluid dynamics to generate spatial heterogeneity. The novel aspect of this paper has been to explore the influence of salinity stratification on bioconvection. In the linear stability analysis of bioconvection in a stratified environment, we determined four key parameters of the problem: the ratio of chamber height to sublayer thickness, d; the ratio of horizontal to vertical cell self-diffusion, ␦; the Rayleigh number for the cells, R; and the Rayleigh number for the salt, R s . To allow analytic progress, we took d ӷ 1, an approximation valid for the experiments considered. We then computed the critical value of the cell Rayleigh number for bioconvection to occur, and investigated the effect of the salinity stratification. When R s = O͑1͒, the perturbation to flow and salinity extended throughout the chamber and the critical cell Rayleigh number was given by R crit =2d 3 ␦. When R s = o͑d 6 ͒, the salinity gradient suppressed the vertical extent of the perturbation to a region of nondimensional depth O͑R s −1/6 ͒ and the critical cell Rayleigh number was also R crit =2d 3 ␦. When R s = O͑d 6 ͒, the salinity gradient confined perturbations to the thin boundary region, and R crit was found as an algebraic function of R s , d , ␦ and the wavelength of the perturbation.
The linear stability analysis presented here could be a useful starting point for more general investigation of bioconvection in stratified systems. For comparison of the specific experiments presented in this paper, it would be useful to explore nonlinear stratification; the nonlinear hydrodynamic regime, and to investigate what happens when R is much larger than R crit . These aspects would require the development of numerical schemes, potentially based on previous continuum numerical models 3 or individual-based simulations. 2 Our model could be improved by including the effect of gyrotaxis. Previous authors have shown that gyrotaxis alters predictions of the most unstable wavelength from an equilibrium state. 10 Furthermore, gyrotaxis can also generate instability in a homogeneous suspension through the focusing of cells towards the wake of a sinking blob of fluid with locally high cell concentration. 6 Gyrotaxis is likely to contribute significantly to the formation of self-focusing bioconvective plumes. A steady 1D model has been developed to determine the velocity profile and cell concentration in a plume with gyrotaxis. 3 In that model, there is a balance between viscous stress and buoyancy, and between horizontal diffusive and gyrotactic cell flux, and results are computed for zero total horizontal cell flux and fluid flux. Surprisingly, despite gyrotaxis being required for a nontrivial solution to exist in the 1D model, a decrease in the gyrotactic parameter caused the plume to intensify ͑i.e., the cell concentration and velocity profile become steeper͒. Gyrotaxis has also been shown to qualitatively change bioconvection plumes in 2D numerical simulations. 2, 3 Incorporating the effect of shear on cell trajectories in a fully consistent continuum model for cell concentration is, however, a challenging prospect. As has been demonstrated for homogeneous shear flow, 18, 23, 24 the effect of shear on cell trajectories alters both the mean swimming flux and diffusion tensor. For cells that are advected between regions with differing shear within time scales comparable to the correlation time associated with their random walk, as is likely the case for bioconvection, extending these models poses a challenge. Nonetheless, adding a simple model for gyrotaxis to the present analysis of bioconvection in a stratified system could result in further insight into this fascinating pattern forming phenomenon.
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APPENDIX: ESTIMATES FOR CELL SWIMMING PARAMETERS
In this section we estimate the cell swimming parameters, V c , D and ␦ used in the bioconvection model. The observations of swimming cells were taken from approximately 10 cm below the surface in the first hour of the experiments described in Sec. II A. The method for obtaining smooth swimming paths of swimming algae is discussed elsewhere. 13 General mathematical principles for obtaining population-level advection-diffusion models are widespread in the literature, e.g., Refs. 25 and 26, however obtaining estimates for D and ␦ from data on individual swimming behavior is challenging, and there are limited examples of obtaining population models from swimming data of algae in the literature. 27 
